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Recently it has been proposed that three-component Fermi gases may exhibit a new type of
crossover physics in which an unpaired Fermi sea of atoms smoothly evolves into that of trimers in
addition to the ordinary BCS-BEC crossover of condensed pairs. Here we study its corresponding
polaron problem in which a single impurity atom of one component interacts with condensed pairs
of the other two components with equal populations. By developing a variational approach in
the vicinity of a narrow Feshbach resonance, we show that the impurity atom smoothly changes
its character from atom to trimer with increasing the attraction and eventually there is a sharp
transition to dimer. The emergent polaronic atom-trimer continuity can be probed in ultracold
atoms experiments by measuring the impurity spectral function. Our novel crossover wave function
properly incorporating the polaronic atom-trimer continuity will provide a useful basis to further
investigate the phase diagram of three-component Fermi gases in more general situations.
PACS numbers: 67.85.Lm, 03.75.Ss, 11.10.St, 74.20.Fg
INTRODUCTION
Interacting Fermi systems appear across a broad range
of physics with various interaction strengths and under-
standing of their properties is of fundamental impor-
tance. When there is a weak attraction between two
components of fermions, the system is unstable toward
the formation of Cooper pairs and becomes a Bardeen-
Cooper-Schrieffer (BCS) superfluid. On the other hand,
when the attraction is sufficiently strong, the two com-
ponents of fermions form a diatomic molecule which un-
dergoes the Bose-Einstein condensation (BEC) and the
system becomes the superfluid again. Because there is
no sharp distinction between the condensation of loosely
bound Cooper pairs and tightly bound molecules, the
above two types of superfluids can be smoothly connected
with increasing the attraction. Indeed, it was shown that
the ordinary mean-field wave function smoothly inter-
polates the BCS and BEC superfluids which constitutes
the celebrated BCS-BEC crossover theory providing uni-
fied understanding of Fermi superfluids [1, 2]. Since then
the BCS-BEC crossover in two-component Fermi gases
has been the subject of extensive studies [3] and now
recognized as a well-established phenomenon, in particu-
lar, because of its experimental realization with ultracold
atoms utilizing Feshbach resonances [4–6].
Yet richer crossover physics may be found in three-
component Fermi gases [7–9]. When an attraction be-
tween three components of fermions is weak, two of them
form Cooper pairs and condense while there is always
one component that remains unpaired and forms a Fermi
sea [10–14]. Then, with increasing the attraction, loosely
bound Cooper pairs will smoothly evolve into tightly
bound molecules according to the BCS-BEC crossover.
But, what will happen to unpaired fermions? A new pos-
sibility recently proposed is that unpaired fermions form-
ing a Fermi sea smoothly change their character from
atoms to triatomic molecules (trimers) with increasing
the attraction [15]. At first glance, it may seem surpris-
ing and even impossible because an atom and trimer have
different quantum numbers (particle numbers) and thus
cannot be smoothly connected. However, because the
condensation of Cooper pairs or molecules violates the
particle number conservation in units of two, the atom
and trimer are actually indistinguishable in a superfluid
state and thus can be smoothly connected (see Fig. 1).
This new type of crossover physics potentially emerg-
ing in three-component Fermi gases is termed an “atom-
trimer continuity” in analogy with the “quark-hadron
continuity” in a superfluid nuclear matter where decon-
fined quarks with three colors are considered to smoothly
evolve into confined baryons with decreasing the nuclear
density [16, 17].
The atom-trimer continuity was originally inspired
by exploring the universal phase diagram of a three-
component Fermi gas in the vicinity of a narrow Fes-
hbach resonance [15]. It was found there by controlled
analyses that the unpaired Fermi sea coexisting with con-
densed pairs is composed of atoms in the weak coupling
dense limit while composed of trimers in the strong cou-
pling dilute limit. Whether they are actually smoothly
connected or not, however, still remains unestablished
because of the lack of a unified theoretical framework
≈ ≉
atom trimer dimer
FIG. 1. Because of the presence of condensed pairs, atom
(left) and trimer (middle) are indistinguishable in a superfluid
state while they are still distinct from dimer (right).
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2that smoothly interpolates the above two limits. This
difficulty largely originates from the fact that, unlike
the BCS-BEC crossover for two-component Fermi gases,
the ordinary mean-field approximation does not work
for three-component Fermi gases because it completely
misses three-body correlations playing an essential role
here [15, 18–23]. Therefore, it is challenging but highly
desired to develop a new crossover theory suitable for
three-component Fermi gases. Important progress to-
ward such a goal is to be made in this Letter by studying
the corresponding polaron problem in which a single im-
purity atom of one component interacts with condensed
pairs of the other two components of fermions with equal
populations.
CROSSOVER WAVE FUNCTION
As emphasized in Ref. [15], the BCS-BEC crossover
in two-component Fermi gases is often studied across
a broad Feshbach resonance, where a three-component
Fermi gas, however, does not have a universal many-
body ground state because of the Thomas collapse [24].
A minimal extension to cure this problem is to consider a
narrow Feshbach resonance which is characterized by the
nonzero resonance range as well as the s-wave scattering
length [25–28]. Assuming the same inter-component in-
teraction for all possible three pairs [29, 30], the polaron
problem of a three-component Fermi gas in the vicin-
ity of a narrow Feshbach resonance is described by the
two-channel Hamiltonian, H = H0 − µ (N1 +N2), which
consists of the canonical part
H0 =
∑
i=1,2,3
∑
p
[
εp ψ
†
i (p)ψi(p) +
(εp
2
+ ν
)
φ†i (p)φi(p)
]
+
g
2
√
V
∑
i,j,k
∑
P ,p
[
ijk φ
†
i (P )ψj(p)ψk(P − p) + H.c.
]
(1)
with ijk being the antisymmetric tensor and the particle
number operator for the ith component of fermions:
Ni =
∑
p
[
ψ†i (p)ψi(p) +
∑
j 6=i
φ†j(p)φj(p)
]
. (2)
Here ψ†i (p) and φ
†
i (p) with i = 1, 2, 3 create fermionic
atoms and bosonic molecules with momentum p and
obey the usual (anti)commutation relations, while εp ≡
p2/(2m) is the single-particle kinetic energy with the
same mass m assumed for all three components of
fermions. The chemical potential µ is introduced to only
the first two components of fermions and chosen so that
each component has the fixed particle number density of
n1 = n2 ≡ k3F/(6pi2) in the thermodynamic limit V →∞.
The bare detuning ν of a molecule φi and its coupling g to
two atoms ijkψjψk are related to the s-wave scattering
length a and the resonance range R∗ by
ν
g2
= − m
4pia
+
∫
|p|<Λ
dp
(2pi)3
1
2εp
(3)
and g2 = 4pi/(m2R∗), where ~ = 1 and the momentum
cutoff Λ is sent to infinity at the end of calculations.
We now develop a variational approach aimed at a uni-
fied theoretical framework that smoothly interpolates the
polaronic atom and trimer in a superfluid state. Because
the first two components of fermions have equal popu-
lations and attract each other, they form Cooper pairs
and condense. In order to describe them, we adopt the
ordinary mean-field wave function
|SF〉 = exp
[
−|λ|
2
2
+ λφ†3(0)
]∏
p
[
up + vpψ
†
1(p)ψ
†
2(−p)
]
|0〉.
(4)
Here the variational parameters λ, up, vp are determined
so as to minimize the energy expectation value ESF ≡
〈SF|H|SF〉 under constraints |up|2 + |vp|2 = 1 for all p to
satisfy the normalization condition 〈SF|SF〉 = 1. With
the method of Lagrange multipliers, we find
|up|2 = Ep + εp − µ
2Ep
(5)
and vp = ∆/(2Epu
∗
p), where Ep ≡
√
(εp − µ)2 + |∆|2
is the quasiparticle energy and the gap parameter ∆ ≡
gλ/
√
V as well as the chemical potential µ simultaneously
solves the gap equation
− m
4pia
− m
2R∗µ
2pi
=
∫
dp
(2pi)3
(
1
2Ep
− 1
2εp
)
(6a)
and the particle number density equation
k3F
6pi2
=
m2R∗|∆|2
4pi
+
∫
dp
(2pi)3
Ep − εp + µ
2Ep
. (6b)
These two coupled mean-field equations qualitatively de-
scribe the BCS-BEC crossover of the condensed pairs
with increasing the attraction 1/akF [31] and, fur-
thermore, become exact in the narrow resonance limit
R∗kF →∞ [32].
When a single impurity atom of the third component
with momentum k is added to the above superfluid state
(4), the simplest trial wave function to start with is
|A(k)〉 = zkψ†3(k)|SF〉. (7)
While this trial wave function seems to describe an atom-
like impurity on top of the superfluid state, it can also be
viewed as a trimer-like impurity at the same time because
the particle number in the superfluid state fluctuates in
3units of two. This peculiarity becomes evident by decom-
posing the superfluid wave function |SF〉 in Eq. (7) into
a superposition of fixed particle number wave functions:
|A(k)〉 ∝
∞∑
N=0
ψ†3(k)
N !
[
Φ†3(0)
]N
|0〉 (8)
with the pair creation operator defined by
Φ†3(0) ≡ λφ†3(0) +
∑
p
vp
up
ψ†1(p)ψ
†
2(−p). (9)
Here, if one state ψ†3(k)
[
Φ†3(0)
]N |0〉 is viewed as
the atom-like impurity, then another superposed state[
ψ†3(k)Φ
†
3(0)
][
Φ†3(0)
]N |0〉 can be viewed as the trimer-
like impurity in which the atom-like impurity is dressed
by a zero-momentum pair extracted from the background
condensate (see Fig. 1). In particular, because of the ex-
istence of the latter component in the atom-like wave
function (7), it can hybridize with the following trimer-
like wave function, i.e., 〈A(k)|H|T(k)〉 6= 0:
|T(k)〉 =
[
1√
V
∑
σ=1,2
∑
p
αkσ(p)ψ
†
σ(p)φ
†
σ(k − p)
+
1√
V
∑
P 6=0
ψ†3(k − P )
{
βk(P )φ
†
3(P )
+
1√
V
∑
p
γk(P ,p)ψ
†
1(p)ψ
†
2(P − p)
}]
|SF〉. (10)
This trimer-like wave function is constructed so that it
becomes the most general three-body wave function in
the zero density limit |SF〉 → |0〉 and thus is capable
of exactly reproducing the trimer formation in the vac-
uum. We note that the sum in the second line of Eq. (10)
excludes P = 0 because the corresponding component
already exists in Eq. (7) as is evident from its decompo-
sition (8) and, consequently, the above two wave func-
tions have no overlap 〈A(k)|T(k)〉 = 0. With all these
preparations, we finally propose the ansatz
|AT(k)〉 = |A(k)〉+ |T(k)〉 (11)
as a possible crossover wave function that smoothly in-
terpolates atom-like |A(k)〉 and trimer-like |T(k)〉 impu-
rities in a superfluid state and refer to it as a polaronic
atom-trimer state.
At this point, it is worthwhile to contrast our pola-
ronic atom-trimer state (11) with the usual polaron in a
two-component Fermi gas [33, 34]. In the latter, a single
impurity atom is dressed by a pair of particle and hole
excited from the background Fermi sea [35, 36] and thus
distinct from the trimer [37, 38], while in the former, a
single impurity atom is dressed by a pair of two particles
extracted from the background condensate and thus in-
distinguishable from the trimer. A similar situation can
be found in Bose-Fermi mixtures where fermionic atoms
and molecules are indistinguishable in the presence of
condensed bosons [39–41]. In principle, the single impu-
rity atom can be further dressed by two or more con-
densed pairs to form a pentamer-like or larger molecule,
but their contributions to the impurity wave function
are expected to be insignificant because their formations
are not favored by the Pauli exclusion principle between
the same component of fermions. We also note that our
crossover wave function (11) differs in the spirit from the
ansatz in Ref. [20] which is intended to describe the sharp
transition from the superfluid phase to the trimer liquid
phase.
POLARON PHASE DIAGRAM
The variational parameters zk, αkσ(p), βk(P ),
γk(P ,p) in the trial wave function (11) are determined
so as to minimize its energy expectation value εAT(k) ≡
〈AT(k)|H|AT(k)〉 −ESF under the normalization condi-
tion 〈AT(k)|AT(k)〉 = 1. After straightforward calcula-
tions, we find that αk(p) ≡ αk1(p) = αk2(p) and βk(P )
simultaneously satisfy[
− m
4pia
+
m2R∗
4pi
{εk−p
2
− µ+ Ep − εAT(k)
}
−
∫
dP
(2pi)3
{ |uP−p|2
εk−P + Ep + EP−p − εAT(k) −
1
2εp
}]
αk(p)
=
Ep − εp + µ
εk − εAT(k)
∫
dq
(2pi)3
αk(q)
Eq
+
∫
dP
(2pi)3
|uP−p|2 [αk(P − p) + βk(P )]
εk−P + Ep + EP−p − εAT(k) (12a)
and[
− m
4pia
+
m2R∗
4pi
{
εk−P +
εP
2
− 2µ− εAT(k)
}
−
∫
dp
(2pi)3
{ |up|2|uP−p|2
εk−P + Ep + EP−p − εAT(k) −
1
2εp
}]
βk(P )
= 2
∫
dp
(2pi)3
|up|2|uP−p|2αk(p)
εk−P + Ep + EP−p − εAT(k) . (12b)
These two coupled integral equations have similar struc-
tures to the Skorniakov–Ter-Martirosian-type equations
to determine the trimer binding energy in the vac-
uum [15], while the first term in the right-hand side
of Eq. (12a) is the exception originating from the hy-
bridization between the atom-like and trimer-like wave
functions 〈A(k)|H|T(k)〉 6= 0 and thus plays an essential
role here. By solving Eqs. (6) and (12) together with the
normalization condition for a given set of inverse scatter-
ing length 1/akF and resonance range R∗kF [42], we ob-
tain the quasiparticle energy εAT(k) and the normalized
wave function |AT(k)〉 of the polaronic atom-trimer state
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FIG. 2. Atomic fraction Z ≡ |zk=0|2 in the polaronic atom-
trimer state (11) in the plane of the inverse scattering length
1/akF and the resonance range R∗kF. The impurity state is
atom-like in the blue region (Z & 0.8) while trimer-like in the
purple region (Z . 0.2) and they are smoothly connected in
the yellow-to-orange crossover region (0.2 . Z . 0.8). The
black solid curve indicates the phase boundary above which
the dimer state (15) has the lower energy than the polaronic
atom-trimer state.
(11). In particular, the important quantity of our interest
is the quasiparticle weight |zk|2 = 〈A(k)|AT(k)〉, which
measures the atomic fraction contained in the impurity
wave function while the rest 1 − |zk|2 = 〈T(k)|AT(k)〉
measures the trimeric fraction therein. Therefore, it can
serve as an indicator of the polaronic atom-trimer conti-
nuity.
Figure 2 shows the numerically obtained atomic frac-
tion Z ≡ |z0|2 assuming zero center-of-mass momentum
k = 0 as well as zero orbital angular momentum, i.e.,
α0(p) = α0(|p|) and β0(P ) = β0(|P |), where the pola-
ronic atom-trimer state is expected to have the lowest
energy. In the plane of 1/akF and R∗kF, we find that the
impurity state is atom-like Z ∼ 1 in the weak coupling
(small 1/akF) or narrow resonance (large R∗kF) region
while it becomes trimer-like Z ∼ 0 toward the strong cou-
pling (large 1/akF) and broad resonance (small R∗kF) re-
gion. These two regions are indeed smoothly connected
in between and thus exhibit the polaronic atom-trimer
continuity. We note that this smooth crossover from the
atom-like impurity to the trimer-like impurity becomes
increasingly sharper toward the weak coupling and broad
resonance limit, 1/akF → −∞ and R∗kF → 0, which is
equivalent to taking the zero density limit kF → 0 and
thus the phase boundary there coincides with the thresh-
old R∗/a = −0.0917249 for the trimer formation in the
vacuum [15].
The polaronic atom-trimer continuity is also exhibited
by the quasiparticle energy εAT(0) of the polaronic atom-
trimer state (11). In the weak coupling limit 1/akF →
−∞ where the impurity state is atom-like Z → 1, its en-
ergy resulting from Eqs. (12) reduces to the usual mean-
-4 -2 2 4 6 1akF
-10
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FIG. 3. Polaronic atom-trimer energy εAT(k = 0) in units of
the Fermi energy εF ≡ k2F/(2m) at R∗kF = 0.1 as a function
of 1/akF. It is plotted by the colored solid curve with the
atomic fraction Z indicated by the same color as in Fig. 2.
The upper left dashed curve is the mean-field polaron energy
ε = (4pia/m)(k3F/3pi
2) [Eq. (13)] while the lower right one
is the vacuum trimer binding energy ε = E3 − 2µ [Eq. (14)].
The black solid curve represents the twofold degenerate dimer
energy εD(0) = µ [Eq. (17)] obtained from the simple ansatz
(15).
field polaron energy [36]
εAT(0)→ 4pia
m
(n1 + n2) . (13)
On the other hand, in the broad resonance limit R∗kF →
0 where the impurity state is trimer-like Z → 0, its en-
ergy resulting from Eqs. (12) can be expressed in terms
of the trimer binding energy E3 in the vacuum [43] as
εAT(0)→ E3 − 2µ. (14)
These two asymptotic formulas as well as the numeri-
cally obtained polaronic atom-trimer energy εAT(0) are
plotted in Fig. 3 as functions of 1/akF by choosing
R∗kF = 0.1 for demonstration. Here we find that the
mean-field polaron energy (13) valid in the atom-like re-
gion (1/akF . −1) and the vacuum trimer binding en-
ergy (14) valid in the trimer-like region (1/akF & 0)
are indeed smoothly interpolated by the polaronic atom-
trimer energy εAT(0) and thus we again confirm the po-
laronic atom-trimer continuity.
So far we have considered that a single impurity atom
of the third component binds two fermions from a su-
perfluid state of the other two components to form a
trimer-like impurity. On the other hand, there exists an-
other possibility in which the single impurity atom binds
one fermion to form a dimer-like impurity and becomes
distinct from the above polaronic atom-trimer state (see
Fig. 1). Such a dimer state is twofold degenerate with
respect to the exchange of components 1 ↔ 2 and the
5simplest trial wave function to describe one of the two is
|D(k)〉 =
[
β¯kφ
†
1(k) +
1√
V
∑
p
γ¯k(p)ψ
†
2(p)ψ
†
3(k − p)
]
|SF〉.
(15)
By minimizing its energy expectation value εD(k) ≡
〈D(k)|H|D(k)〉−ESF with respect to the variational pa-
rameters β¯k, γ¯k(p) under the normalization condition
〈D(k)|D(k)〉 = 1 [44], we obtain an equation solved by
εD(k):
− m
4pia
+
m2R∗
4pi
[εk
2
− µ− εD(k)
]
=
∫
dp
(2pi)3
[ |up|2
Ep + εk−p − εD(k) −
1
2εp
]
. (16)
In particular, by comparing Eq. (16) with the gap equa-
tion (6a), its solution at zero center-of-mass momentum
k = 0 is easily identified as
εD(0) = µ. (17)
The resulting dimer energy at R∗kF = 0.1 is also plotted
in Fig. 3 where we find that the twofold degenerate dimer
states have the lower energy than the polaronic atom-
trimer state in the strong coupling region 1/akF > 3.6.
Therefore, in addition to the above smooth crossover
from the atom-like impurity to the trimer-like impurity,
there is a sharp transition to the dimer-like impurity with
increasing the attraction 1/akF and the corresponding
phase boundary in the plane of 1/akF and R∗kF is indi-
cated in Fig. 2. This sharp transition from the polaronic
atom-trimer state (11) to the dimer state (15) is indeed a
close analog of the polaron-molecule transition in a two-
component Fermi gas [45].
SUMMARY AND OUTLOOK
This Letter is aimed at developing a new crossover
theory that smoothly interpolates atom and trimer in
three-component Fermi gases. To this end, we took a
variational approach in the vicinity of a narrow Fesh-
bach resonance and successfully showed that a single im-
purity atom in the presence of condensed pairs smoothly
changes its character from atom to trimer with increasing
the attraction and eventually there is a sharp transition
to dimer. The emergent polaronic atom-trimer continu-
ity is signaled by the rapid decrease of the quasiparticle
weight |zk|2 as well as the polaron energy εAT(k) evolv-
ing into the trimer binding energy (see Fig. 3 for k = 0).
These key quantities are actually measurable in ultracold
atom experiments by transferring an impurity atom with
momentum k from a non-interacting state to an interact-
ing state, whose transition rate at frequency ω exhibits
a quasiparticle peak of [46–49]
Ik(ω)|peak = |zk|2δ[ω + εk − εAT(k)]. (18)
Therefore, by utilizing this inverse radio-frequency or
microwave spectroscopy [50, 51], the polaronic atom-
trimer continuity may be experimentally probed, for ex-
ample, with a three-component Fermi gas of 6Li [7–9]
or a recently realized superfluid Bose-Fermi mixture of
7Li-6Li [52].
Our findings on the polaron problem also have im-
mediate consequences on the phase diagram of a three-
component Fermi gas with a small concentration n3 
n1 = n2 introduced to the third component of fermions.
When the polaronic atom-trimer state (11) is the ground
state, it will form an unpaired Fermi sea coexisting with
the condensed pairs of the other two components. Be-
cause its many-body wave function is provided by
|FS〉AT =
∏
εAT(k)<µ3
Ψ†3(k)|SF〉 (19)
with Ψ†3(k) being the creation operator of a single atom-
trimer state Ψ†3(k)|SF〉 ≡ |AT(k)〉, the unpaired Fermi
sea of atoms smoothly evolves into that of trimers with
Fig. 2 scanned from the upper left region to the lower
region. On the other hand, when the twofold degenerate
dimer states (15) are the ground state, they will undergo
the Bose-Einstein condensation and thus the three differ-
ent pair condensates coexist with no unpaired fermions
in the upper right side of the phase boundary in Fig. 2. It
is impressive to find that the polaron phase diagram ob-
tained here is already similar in essential features to the
schematic phase diagram proposed in the case of equal
populations for all three components of fermions [15].
Our novel crossover wave function (11) properly incorpo-
rating the polaronic atom-trimer continuity, as well as the
dimer wave function (15), will provide a useful basis to
further investigate the phase diagram of three-component
Fermi gases in more general situations, including unequal
masses, populations, and inter-component interactions,
relevant to ultracold atom experiments [7–9, 52].
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